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We consider the optimal reactor network synthesis of a polymerization process with detailed molecular weight distribu-
tions (MWDs). Based on an industrial high-density polyethylene (HDPE) slurry process model including an embedded
MWD, a fully connected process superstructure of continuous stirred tank reactors (CSTRs) is established through the
introduction of splitters. Using this generalized superstructure as a basis, two nonlinear programming (NLP) problem
formulations, which simultaneously maximize the monomer conversion and minimize the deviation between the calcu-
lated and target MWDs, are developed by applying multiobjective optimization (MO) methods. Different optimal flow-
sheet configurations are generated by systematically manipulating a set of continuous decision variables. Several case
studies that consider different specifications on MWD are conducted to illustrate the effectiveness and efficiency of the
proposed synthesis approach. Numerical results show that the optimal flowsheet configurations overcome the limitations
of conventional reactor network structures and help to increase reactor productivity at the desired product quality. VC
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Introduction

Synthetic polymers play an essential role in everyday life.
To meet extremely demanding market requirements, a poly-
merization process is expected to be capable of producing

polymer grades with different end-use properties and rheologi-
cal properties. Furthermore, increased worldwide competition,
higher energy costs, and demand for lower product prices
require economic efficiency from polymerization processes to

a significant extent.1 Therefore, a strong interest has motivated
the determination of polymerization process configurations
with wide flexibility and economic potential. Moreover, higher
productivity and quality of the polymer could be achieved by

optimizing reactor network structure and operating policies.2

Several studies3–6 develop superstructure approaches for the
reactor network synthesis problem. A general superstructure is
postulated with different alternatives for the reactor network

and all possible interconnections.5 The interaction between
different units of the plant can easily be represented by addi-
tional flowsheet equations.7 On the basis of the proposed

superstructure, the synthesis problem is formulated and solved

to achieve a variety of objectives used for optimizing the per-

formance of a reactor network. Achenie and Biegler3,4 present

nonlinear programming (NLP) formulations for generating opti-

mal reactor networks based on the Jackson superstructure and

the recycle reactor superstructure. They extract the optimal

flowsheet configuration by systematically manipulating a set of

continuous decision variables. Different test examples are con-

sidered, including the maximization of product yield and selec-

tivity in the isothermal and nonisothermal Van de Vusse type

reactions. Kokossis and Floudas5,6 develop a superstructure for

the isothermal and nonisothermal reactor systems. Their synthe-

sis problem is addressed by formulating and solving a mixed

integer nonlinear programming (MINLP) problem, which pro-

vides information on optimal reactor type and size as well as

optimal operating conditions. They deal with the process

designs of benzene chlorination and alkylation of benzene with

ethylene to minimize the annualized plant cost and to maximize

its profit.
Nevertheless, due to the complexity of the physicochemical

phenomena in polymerization reactions and the nonlinearities

arising from their mathematical models, reactor network
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synthesis in polymerization processes remains a complicated
and time-consuming task.

In polymerization processes, experimentally measured indi-
ces like melt index (MI), polydispersity index (PDI), number

average molecular weight (Mn), and weight average molecular
weight (Mw), are typically used to describe the polymer qual-
ity. Nevertheless, they may be insufficient to provide the com-

plete information of the polymer. Conversely, the molecular
weight distribution (MWD) is at the core in establishing key

quality indices for polymers as their versatility derives from
the way monomer molecules form the polymer chains.8

Toughness, hardness, stiffness, strength, and viscoelasticity

are among the properties strongly dependent upon MWD in a
manner that cannot be accurately expressed by using only the

above measured indices.9 In particular, several polymer prop-
erties are closely related to the shape and breadth of the
MWD. For example, high molecular weight tails and should-

ers can increase the sensitivity of melt viscosity to shear
rate.10 Hence, there is a strong incentive to include detailed

MWDs into models for polymer quality control and process
design. A few papers focus on determining optimal operating
policies of polymerization processes from target MWDs. Ali

et al.11 deal with this issue in a single reactor for the gas-phase
ethylene polymerization. Their latest work12 indicates that a

predefined desired broad MWD could be achieved by proper
control of the hydrogen to the monomer molar ratio inside the
reactor. Pontes et al.13 present an optimization model to deter-

mine optimal operating conditions for tailoring polyethylene
with desired MWDs in a continuous ethylene polymerization

process, which uses a Ziegler–Natta catalyst in a complex con-
figuration of continuous stirred tank reactor (CSTR) and plug
flow reactor (PFR). Using MWD as the designed polymer

quality index, Weng et al.14 conduct dynamic optimization on
a slurry ethylene polymerization process. The optimal operat-

ing conditions are obtained through the minimization of grade
transition time between two steady states.

Moreover, in the domain of polymerization process synthe-
sis, several objectives often need to be considered simultane-

ously. Achieving the optimum for one objective may require
some compromise for one or more other objectives.15 For

example, the requirements of high-yield production and speci-
fied polymer properties are often favored by operating policies
in conflicting ways, and, thus, polymerization processes offer

themselves as excellent candidates for the application of mul-
tiobjective optimization (MO).16 MO involves several objec-
tive functions of conflicting nature,17 which gives rise to a

trade-off between all the objective functions. The goal is to
obtain a set of Pareto optimal solutions, where no solution can

have a better particular objective function than any other solu-
tion without compromising its other objective function values.
If one moves from one Pareto solution to another, at least one

objective function improves while at least one other gets
worse.

Only a few studies15–21 focus on MO for polymerization

process synthesis. Asteasuain et al.20 study a high-pressure
ethylene polymerization reactor. They aim at maximizing con-
version while keeping polymer polydispersity within specified

values by optimizing the profiles of temperature and initiator
concentration, and different reactor configurations. Later, they

implement MO on a CSTR model for styrene solution poly-
merization.21 The goal is to minimize the annualized reactor
cost, the operating costs, the production of off-specification

polymer, and the transition time between steady states. Process

design includes the selection of optimal reactor size, initiator
type, and steady-state operating points.

However, these studies consider only polydispersity or aver-
age molecular weights, and not MWD, as target polymer prop-
erties. Therefore, MO for polymerization process synthesis with
specified MWD remains a challenging task, particularly due to
the mathematical complexity of MO modeling and MWD cal-
culation. It is expected that the optimal polymerization process
design using MWD should overcome the limitations of conven-
tional flowsheet configurations and lead to the improvement of
the polymer end-use properties and productivity.

This study applies MO to the synthesis problem in polymer-
ization processes with embedded MWDs. We first develop an
equation-oriented (EO) CSTR model for a slurry-based high-
density polyethylene (HDPE) polymerization process. On the
basis of this HDPE slurry process, we then generalize the
modeling framework to form a process superstructure consist-
ing of CSTRs with full connectivity. The MO problem has
objective functions that include maximization of monomer
conversion and minimization of the deviation between the cal-
culated and target MWDs. The optimal flowsheet configura-
tion and operating conditions are simultaneously determined
using different MO formulations. Several case studies with
different specifications on MWD are then conducted to illus-
trate the effectiveness and efficiency of the proposed reactor
network synthesis approach. The results show that the optimal
structural design is a natural and intuitive choice, and straight-
forward to implement at industrial scale.

Model Development

HDPE is one of the most widely used synthetic commodity
polymers in the manufacture of films, pipes, and containers due
to the low production cost and versatility in mechanical and
rheological properties. Continuous slurry polymerization with
heterogeneous Ziegler–Natta catalysts is an important industrial
process for HDPE production, in which polymer grows at the
active sites on the catalyst until chain transfer occurs, thus,
forming dead polymer chains.22 In the slurry process, CSTRs
are used to produce HDPE. The major advantages8 of this
HDPE process include mild operating conditions, excellent heat
transfer capabilities, high monomer conversion rates, and rela-
tive ease of processing. Moreover, different active sites of the
heterogeneous Ziegler–Natta catalysts, even on the same cata-
lyst particle, can have different propagation rate constants,
which can give rise to a very broad MWD.22

CSTR model

A complete EO model is established for a single CSTR sys-
tem. The perturbed-chain statistical associating fluid theory
equation of state (PC-SAFT EOS)23 is used to model the ther-
modynamic properties. As this complex EOS model is difficult
to solve by the EO approach, a set of surrogate kriging24 mod-
els, based on the data generated from PC-SAFT EOS, was
applied from our previous work.25 Phase equilibrium, mass
and energy equations were also incorporated from our previ-
ous work.26 The kinetics and MWD models are presented
next.

Homopolymerization Kinetics. The kinetic mechanism of
ethylene homopolymerization with Ziegler–Natta catalyst sys-
tem is summarized in Table 1, where CP is a potential active
site of catalyst TiCl4, A is co-catalyst Al(C2H5)3, M is mono-
mer, H2 is hydrogen, P0 is an active site, Cd is a deactivated
site, Dn is a dead polymer of chain length n, Pn is a living

132 DOI 10.1002/aic Published on behalf of the AIChE January 2016 Vol. 62, No. 1 AIChE Journal



polymer chain of length n, j represents the index of active
sites, and kaA; ki; kp; ktM; ktH; ktA; kt; kd are the kinetic
rate constants of different reactions.

The Arrhenius equation is used to determine the kinetic rate
constant k

k5k0exp 2
Ea

R

1

T
2

1

Tref

� �� �
(1)

where k0 is the pre-exponential kinetic rate constant, Ea is the
activation energy, R is the universal gas constant, T is the
reaction temperature, and Tref is the reference temperature.

Heterogeneous Ziegler–Natta catalysts possess multiple active
sites, even on the same catalyst particle. The traditional approach
to model the multiple sites is to assume distinct site types with
different kinetic rate constants. We also assume that one type of
active site cannot turn into a different type. The number of active
sites is determined by the deconvolution of polymer distributions.
As seen from our previous work24 and the numerical results
below, the model with five active sites fits the data well.

According to the mechanism in Table 1, we define the fol-
lowing pseudo-kinetic rate constant for transfer and
deactivation

KTD jð Þ5ktM jð Þ M½ �1ktH jð Þð H2½ �Þ0:51ktA jð Þ A½ �1kt jð Þ1kd jð Þ
(2)

where [.] denotes the concentration of the species in the
reactor.

For living chains of length n51, the net reaction rate takes
the form

rP1ðjÞ5ki jð Þ M½ � P0 jð Þ½ �1ktM jð Þ M½ �Y0 jð Þ

2kp jð Þ M½ � P1 jð Þ½ �2 KTD jð Þ P1 jð Þ½ �
(3)

where Y0 jð Þ5
P1

n51 Pn jð Þ½ � is the sum of living chain
concentrations.

For living chains of length n � 2, the net reaction rate takes
the form

rPnðjÞ5 kp jð Þ M½ � Pn21 jð Þ½ �2 Pn jð Þ½ �ð Þ
� �

2 KTD jð Þ Pn jð Þ½ � (4)

Similarly, the net reaction rate for dead chains of length n5

1 is given by

rD1ðjÞ5KTD jð Þ P1 jð Þ½ �2ktM M½ � P1 jð Þ½ � (5)

and the net reaction rate for dead chains of length n � 2
becomes

rDnðjÞ5KTD jð Þ Pn jð Þ½ � (6)

The net reaction rates for potentially active, active, and
deactivated sites of catalyst can be calculated as follows

rCpðjÞ52kaA jð Þ A½ � CpðjÞ
� 	

(7)

rP0ðjÞ52ki jð Þ M½ � P0 jð Þ½ �2kd jð Þ P0 jð Þ½ �1kaA jð Þ A½ � CpðjÞ
� 	

1 ktH jð Þð H2½ �Þ0:51ktA jð Þ A½ �1kt jð Þ

 �

Y0 jð Þ
(8)

rCdðjÞ5kd jð Þ P0 jð Þ½ �1Y0 jð Þ
� �

(9)

For chain lengths with n51; 2; 3; . . . ; nmax, the above
equations can be solved to obtain the complete chain length
distribution. nmax is the maximum chain length. However, for
high MW polymers like HDPE, where nmax is 105 or more, the
resulting system leads to a prohibitive number of equations
and computational cost. Instead, the method of moments27,28,
calculating the leading moments of the chain length distribu-
tion with considerably less effort, is used to describe the mass
balance of the polymer components. The rth moment of a
generic distribution f xð Þ is defined as

lr5
X1
x51

xrf ðxÞ (10)

so that the rth moments of living and dead polymer at the jth
active site are given by

Yr jð Þ5
X1
n51

nr Pn jð Þ½ � (11)

Xr jð Þ5
X1
n52

nr Dn jð Þ½ � (12)

For the zeroth moments of CLD of the living and dead
polymer chains, the equations are derived by substituting the
corresponding net reaction rates into the moment
expressions

rY0ðjÞ5ki jð Þ M½ � P0 jð Þ½ �1ktM jð Þ M½ �Y0 jð Þ2KTD jð ÞY0 jð Þ (13)

rX0ðjÞ5KTD jð ÞY0 jð Þ2ktM M½ � P1 jð Þ½ � (14)

For the first and second moments of CLD of the living and
dead polymer chains, the net reaction rates are given by

rY1ðjÞ5ki jð Þ M½ � P0 jð Þ½ �1kp jð Þ M½ �Y0 jð Þ

1ktM jð Þ M½ �Y0 jð Þ2KTD jð ÞY1 jð Þ
(15)

rX1ðjÞ5KTD jð ÞY1 jð Þ2ktM M½ � P1 jð Þ½ � (16)

rY2ðjÞ5ki jð Þ M½ � P0 jð Þ½ �1ktM jð Þ M½ �Y0 jð Þ

1kp jð Þ M½ � 2Y1 jð Þ1Y0 jð Þð Þ2KTD jð ÞY2 jð Þ
(17)

rX2ðjÞ5KTD jð ÞY2 jð Þ2ktM M½ � P1 jð Þ½ � (18)

Typically, the zeroth, first, and the second moments are suf-

ficient for the computation of common polymer properties like
Mn, Mw, and PDI.

MWD Calculation. In the steady-state slurry process, the
chain length distribution for HDPE polymerization at site j is
given by a single-parameter equation, Flory’s most probable
distribution29–33

Table 1. Kinetic Mechanism of Homopolymerization

Reaction Types Descriptions

Activation Cp jð Þ1A���!kaA jð Þ
P0 jð Þ

Initiation P0 jð Þ1M��!ki jð Þ
P1 jð Þ

Propagation Pn jð Þ1M��!kp jð Þ
Pn11 jð Þ

Transfer to monomer Pn jð Þ1M���!ktM jð Þ
P1 jð Þ1Dn jð Þ

Transfer to hydrogen Pn jð Þ1H2���!ktH jð Þ
P0 jð Þ1Dn jð Þ

Transfer to co-catalyst Pn jð Þ1A���!ktA jð Þ
P0 jð Þ1Dn jð Þ

Transfer b-hydride Pn jð Þ��!kt jð Þ
P0 jð Þ1Dn jð Þ

Deactivation Pn jð Þ��!kd jð Þ
Cd jð Þ1Dn jð Þ

P0 jð Þ��!kd jð Þ
Cd jð Þ
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sj5
KTD jð Þ
KP jð Þ 5

ktM jð Þ M½ �1ktH jð Þð H2½ �Þ0:51ktA jð Þ A½ �1kt jð Þ1kd jð Þ
kp jð Þ M½ �

(19)

cldj5ns2
j =ð11sjÞn11; n51; 2; 3; :::; nmax (20)

where cldj is the weight chain length distribution of the poly-
mer chains with length n, n51; 2; 3; . . . ; nmax, sj is the
ratio of all the chain transfer rates to the propagation rate. The
following transformations34 convert CLD to MWD on the log-
arithmic scale, where mw is the molecular weight of ethylene,
and mwdj is the weight distribution at the jth active site on the
logarithmic scale of molecular weight

mwdj5ln ð10Þ3ðmw3nÞ2 sj

mw


 �2 1

11sj

� �n11

; n51; 2; 3; :::; nmax

(21)

The entire distribution of the molecular weight for a single
reactor, mwd, can be obtained using the weighted superposi-
tion of Flory’s distribution from each site

mwd5
XNs

j51

mwdjmfj (22)

where NS is the number of catalyst active sites and mfj is the
mass fraction of the polymer produced at site j

mfj5
Y1 jð Þ1X1 jð ÞXNs

k51
Y1 kð Þ1X1 kð Þ
� � (23)

The complete steady-state model of a single CSTR system,
including kinetic mechanism, thermodynamics, MWD

Figure 1. Flowsheet configuration of HDPE slurry process in series.

Figure 2. Flowsheet configuration of HDPE slurry process in parallel.
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calculation, phase equilibrium, and mass and energy balance,

contains over 2000 variables and equations.

Flowsheet configuration

Figure 1 illustrates the flowsheet of an industrial HDPE

slurry process35 on the basis of the CX polymerization tech-

nology from Mitsui Chemicals with a Ziegler–Natta catalyst,

titanium tetrachloride (TiCl4), and triethyl aluminum

(Al(C2H5)3) as the co-catalyst. The current process is carried

out in two isothermal CSTRs in series, together with other

units including flash drums, coolers, compressors, and pumps.

Ethylene (monomer), hydrogen (chain transfer agent), n-hex-

ane (diluent), and the Ziegler–Natta catalyst system are fed

continuously to the first CSTR. The polymer stream leaving

the first reactor is fed into the second reactor together with

fresh ethylene, hydrogen, and hexane. The vapor streams leav-

ing reactors, which contain ethylene, hydrogen, and hexane, is

recycled to the feed streams through coolers, flash drums, and

compressors to achieve high monomer conversion. The highly

concentrated slurry product leaving the second reactor is fed

to a centrifugal separator that removes unreacted monomer

and diluent from the polymer solids. The diluent is then com-

pletely recovered while the polymer product is dried and pel-

letized. Figure 2 shows the parallel configuration. It works in a

very similar way as the serial configuration, except that the

two CSTRs must receive identical feed streams and operate

under the same conditions.35 The polymer slurry streams leav-

ing the two CSTRs are mixed and flow into the centrifugal

separator. In our previous work,25,26 models of these two con-

figurations were validated using multiple plant datasets from

HDPE grades produced in an industrial HDPE slurry process.
Serial and parallel flowsheet configurations in Figures 1 and

2 are frequently used in practice. However, due to the limita-

tions of these conventional reactor network structures, many

polymer grades, especially some high-quality ones, may not

be available even under a wide range of operating conditions.

Hence, a more flexible process flowsheet configuration needs

to be considered and designed.

Superstructure model

Using the above CSTR model, we now consider the process

synthesis problem associated with the reactor network

superstructure. Different from conventional serial or parallel

flowsheet configurations, a superstructure is constructed to

incorporate all possible structural alternatives of interest. The

basic idea in our work is to place splitters at the exits of

CSTRs and then connect CSTRs with each other. As shown in
Figure 3, we generalize the modeling framework to form a
process superstructure consisting of N (�2) CSTRs with full

connectivity. For simplicity, the recycled vapor streams are
not shown here. N21 polymer substreams from each splitter
are fed into other CSTRs. On the splitters, the red arrows

marked by R1, R2, . . ., RN21 represent the substreams flowing
into CSTRs 1, 2, . . ., N21, respectively. On the CSTRs, the
red arrows marked by S1, S2, . . ., SN represent the substreams

flowing from Splitters 1, 2, . . ., N, respectively. These sub-
streams are assumed to be well-mixed and then fed into
CSTRs to participate in further reactions. Based on the slurry

process technology, CSTR N is used to avoid simple mixing
of HDPE grades with different MWDs from CSTRs 1, 2, . . .,
N21. For Splitter N, there is one polymer stream flowing into

downstream process units, after which a uniform polymer
product is obtained.

The equations that describe the superstructure connectivity
corresponding to Figure 3 are listed as follows.

1. Summation of Split Fractions

XN

m51;m6¼l

Fl;m51; l51; :::; N21 (24)

XN21

m50

FN;m51 (25)

where Fl;m l 6¼ mð Þ is the stream split fraction from the exit of
CSTR l to the entrance of CSTR m for Splitters 1, 2, . . ., N.
In particular, FN;0(>0) is the stream split fraction from the

exit of CSTR N to downstream process units for Splitter N.
2. CSTR Mass Balance (m51; 2; . . . ; N)

ðFEEDðMÞm1
XN

l51;l 6¼m

Fl;mOUTl½M�lÞ2OUTm½M�m

5
XNs

j51

ki jð Þm P0 jð Þ½ �m1 kp jð Þm1ktM jð Þm
� �

Y0 jð Þm
� �

M½ �m � Vm

(26)

ðFEEDðH2Þm1
XN

l51;l 6¼m

Fl;mOUTl½H2�lÞ2OUTm½H2�m

5
XNs

j51

ktH jð Þm H2½ �0:5m Y0 jð Þm � Vm

(27)

ðFEEDðC6H14Þm1
XN

l51;l 6¼m

Fl;mOUTl½C6H14�lÞ2OUTm½C6H14�m50

(28)

ðFEEDðAÞm1
XN

l51;l 6¼m

Fl;mOUTl½A�lÞ2OUTm½A�m

5
XNs

j51

kaA jð Þm CP jð Þ½ �m1ktA jð ÞmY0 jð Þm
� �

A½ �m � Vm

(29)

ðFEEDðCPðjÞÞm1
XN

l51;l 6¼m

Fl;mOUTl½CPðjÞ�lÞ2OUTm½CPðjÞ�m

52ðrCpðjÞÞm � Vm

(30)

Figure 3. Superstructure of polymerization process (N
CSTRs).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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ðFEEDðCdðjÞÞm1
XN

l51;l 6¼m

Fl;mOUTl½CdðjÞ�lÞ2OUTm½CdðjÞ�m

52ðrCdðjÞÞm � Vm

(31)

ðFEEDðP0ðjÞÞm1
XN

l51;l 6¼m

Fl;mOUTl½P0ðjÞ�lÞ2OUTm½P0ðjÞ�m

52ðrP0ðjÞÞm � Vm

(32)

ðFEEDðYrðjÞÞm1
XN

l51;l 6¼m

Fl;mOUTlY
rðjÞlÞ2OUTmYrðjÞm

52ðrYrðjÞÞm � Vm; r50; 1; 2

(33)

ðFEEDðXrðjÞÞm1
XN

l51;l 6¼m

Fl;mOUTlX
rðjÞlÞ2OUTmXrðjÞm

52ðrXrðjÞÞm � Vm; r50; 1; 2

(34)

where the subscripts l;m denote CSTRs l and m, respec-
tively. FEED :ð Þ denotes the flow rate of the species fed into
the CSTR. OUT denotes the total flow rate out of the CSTR.
V denotes the liquid volume of the CSTR.

3. CSTR MWD Calculation (m51; 2; . . . ; N)

MWDm5 Gmmwdm1
XN

l51;l6¼m

Fl;mGlMWDl

 !,
Gm1

XN

l51;l6¼m

Fl;mGl

 !

(35)

where MWDl and MWDm are the MWDs out of CSTRs l
and m, respectively. mwdm denotes the instantaneous MWD
generated in CSTR m. Gl and Gm denote the polymer masses
out of CSTRs l and m, respectively.

The introduction of splitters associated with CSTRs is easy
to realize in practice, and the transfer of polymer substreams
between any two CSTRs can be easily established by using
pumps. Any particular flowsheet configuration simply
becomes a special case of the general superstructure.

Typically, a superstructure contains binary variables denoting
the existence of process units in addition to continuous decisions
about the values for the process variables.36 Here, we only use
continuous variables, the split fraction Fi;j, to represent the exis-
tence of process units and streams. In the superstructure of N
CSTRs, Splitter N does not exist when its values of N21 frac-
tions are zero. The outlet stream of CSTR N flows into another
CSTR or downstream process units directly. For Splitters 1,
2, . . ., N21, if the values of N22 fractions in one splitter are
zero, it means this splitter does not exist. The corresponding
CSTR outlet stream flows into another CSTR directly. For all
other cases, the splitter does exist. Therefore, the resulting mathe-
matical model leads naturally to an NLP problem, which reduces
problem size and complexity. As seen from the numerical results
below, the structural optimization problem can be solved locally
with considerably less computational effort. Moreover, a multi-
start procedure is used to promote the search for global solutions.

Problem Statement for Multiobjective
Superstructure Optimization

Our optimization is driven by an economic criterion to max-
imize the reactor productivity at the desired product quality.

Specifically, MO is implemented to deal with the trade-
offs arising from the simultaneous consideration of the two
conflicting objectives, maximization of monomer conver-

sion and minimization of the deviation between the calcu-
lated and target MWDs. Based on the superstructure, the
optimal design of the process flowsheet configuration and

operating conditions are determined using different MO
formulations.

The literature abounds with MO studies for engineering sys-
tems. A comprehensive overview can be found in the book by

Miettinen.37 MO problems are often solved by scalarization,
where the problem is converted into a single objective optimi-
zation problem, and well-developed methods for single objec-

tive optimization are applied to generate Pareto optimal
solutions. Mathematically, the problem is solved when the fea-
sible Pareto optimal set is obtained. Several popular methods

are introduced below.37

1. Weighted Sum Method
In this method, each objective function is associated with

a weighting factor to minimize the weighted sum of the

objectives. In this way, multiple objective functions are
transformed into a single real-valued objective function. The
MO problem becomes

min
XQ

k51

wk � fkðxÞ

s:t: x 2 S

wk � 0; k51; :::; Q

(36)

with Q(�2) objective functions fk : Rn ! R. The decision
vector x5 x1; x2; . . . ; xnð ÞT belongs to the feasible region

S, which is a subset of the decision variable space Rn. wk is
the kth weighting factor. Pareto optimality is guaranteed if
the weighting factors are all positive. Different Pareto opti-

mal solutions can be generated by altering these weighting
factors. The weakness of the weighted sum method is that
not all of the Pareto optimal solutions can be found unless

the problem is convex.
2. e-Constraint Method
In this method, one of the objective functions is selected

to be optimized and all the others are converted into con-

straints by setting an upper bound on each of them. The
problem is given by

min flðxÞ

s:t: x 2 S

fjðxÞ � ej; j51; :::; Q; j 6¼ l

(37)

where ej is the jth upper bound. In principle, the e-constraint
method allows all of the Pareto optimal solutions to be

found by altering the upper bounds and the minimized func-
tion, even when the problem is nonconvex. In practice, the
e-constraint method may be less efficient to solve than the

weighted sum method computationally, because the number
of constraints increases. It may also be difficult to specify
appropriate upper bounds for the objective functions.

3. Method of the Global Criterion

In this method, the distance between some reference point
and the feasible objective region is minimized. Here, we
apply the method where the utopian objective vector z� 2 RN

is used as a reference point and lp-metrics are used for dis-
tance measuring. The weighted lp-problem is given by
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min
XQ

k51

wkjfkðxÞ2z�k j
p !1=p

s:t: x 2 S

(38)

where the components z�k of the utopian objective vector z�

are obtained by minimizing each of the objective functions

individually. The optimal solution depends heavily on the

value of p. Problem (38) becomes more poorly conditioned

and more difficult to solve as the value increases. The solu-

tion of lp-problem (1 � p <1) is guaranteed to be Pareto

optimal. However, not necessarily all of the Pareto optimal

solutions could be identified, which depends on the degree

of nonconvexity of the problem.

MO problem formulations

Modified Weighted Sum Formulation. To select the MO

method we consider the designed MWD profile for the poly-

mer product quality requirement. Our aim is to maximize

monomer conversion and minimize the deviation between the

calculated and target MWDs. MWD can be considered to be a

vector of sampling points on the MWD curve. The deviation

between the kth sampling points on the calculated and target

MWDs can be expressed as jMWDk
calc2MWDk

tarj, where

MWDk
calc and MWDk

tar are the values of the kth sampling

points on the calculated and target MWDs, respectively. The

e-constraint method is a rather natural and intuitive choice to
solve the MO problem. It comprises an NLP problem with a
monomer conversion objective function, constraint functions
imposed by the product quality requirement and the super-
structure process model equations

max
z

MC

s:t: GN MWDcalc; zð Þ5 0

zlb � z � zub

jMWDk
calc2MWDk

tarj � ek; k51; :::; NP

(39)

where z is the vector of continuous decision variables, includ-
ing split fractions and operating conditions (temperature, pres-
sure, and liquid volume of the CSTR; feed flow rates of
catalyst, hydrogen, ethylene, and hexane into the CSTR). zlb

and zub are the lower and upper bounds of decision variables
based on the limitations of the equipment or chemical reaction
technology. A positive lower bound on the CSTR liquid vol-
ume is imposed, ensuring the existence of the reactor. MC
stands for monomer conversion. The equality constraint GN

relating MWDcalc to z is the superstructure process model of N
CSTRs, including the CSTR model and the connectivity equa-
tions (Eqs. 1–35). NP is the number of sampling points com-
prising the MWD curve, set to 100 by our experience. ek is the
kth MWD deviation tolerance. However, there is no a priori
information to set the values of ek to obtain a desirable solution.
Therefore, we embed the concept of weighted sum method into
NLP (39) and form the following MO formulation

min
z

XNP

k51

wk � ek

 !
2w0 �MC

s:t: GN MWDcalc; zð Þ5 0

zlb � z � zub

jMWDk
calc2MWDk

tarj � ek; k51; :::; NP

(40)

where the MWD deviation tolerances appear in the objective
function and are multiplied by the weighting factors. This prob-
lem can be regarded as a modified weighted sum formulation

Figure 4. Superstructure of polymerization process (2
CSTRs).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. MWD simulation results under different values of split fraction F2,1.
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with the extra MWD specification constraints. Instead of setting
ek to fixed values, NLP (40) has more degrees of freedom,

allowing us to analyze and choose the tolerance values more
freely. There are systematic ways38 of altering the weighting

factors to generate different Pareto solutions. Very often an ad
hoc numerical solution procedure is required to solve a number

of problems with different sets of weighting factors.
Normalized Global Criterion Formulation. Based on the

basic method of the global criterion in (38), denominators are

added to normalize the components in the objective function.
The normalized global criterion formulation is

min
z
½ðMC�2MCÞ=MC��p1½ðe2e�Þ=e��pð Þ1=p

s:t: GN MWDcalc; zð Þ5 0

zlb � z � zub

jMWDk
calc2MWDk

tarj � e; k51; :::; NP

(41)

where MC� and e� stand for the utopian monomer conversion

and MWD deviation tolerance, respectively. Utopian
values MC� and e� can be obtained by maximizing MC and

minimizing e individually, as shown in NLPs (42) and (43),
respectively

min
z

2MC

s:t: GN zð Þ5 0

zlb � z � zub

(42)

min
z

e

s:t: GN MWDcalc; zð Þ5 0

zlb � z � zub

jMWDk
calc2MWDk

tarj � e; k51; :::; NP

(43)

Note that the denominators in (41) compensate for the corre-
sponding variable scales and provide a relative distance minimi-

zation from the utopia point. The inequality constraints of MWD
deviations are also included here. Compared to NLP (40), there
are only three problems to be solved with considerably less com-

putational effort. The solution with the lp-metrics (1 � p <1)
is guaranteed to be Pareto optimal. In the following case studies,

we consider and compare solutions with NLPs (40) and (41).

Results and Discussion

In this study, AMPL, an EO optimization modeling system,

was used to construct the complete problem formulation. The
problems were numerically solved using IPOPT 3.10 on Dell

Inspiron N4110 running 64-bit Windows 7 with a 2.30 GHz
Intel Core i5 processor and 6 GB RAM. In IPOPT, uniqueness

of the (locally) optimal solution has been confirmed through
nonsingularity of the KKT matrix and satisfaction of sufficient

second order conditions at the solution. Therefore, the solution
is at least locally unique and isolated. This is an important

property inherent in IPOPT, as described in Zavala et al.39

Conversely, no guarantee can be given that the solution is

globally optimal, mainly due to the nonconvexity of the prob-
lem. However, in our work, the initial values of decision varia-
bles were set to a hundred different datasets for multistart

optimizations. This systematic multistart initialization proce-
dure could be considered as a practical alternative to global

optimization. From these starting points, we converged to the

same optimal solution every time. This lends confidence that

these results cannot be improved further.

Impact of reactor network on MWD

Several simulation cases based on the superstructure model

are first presented to reflect the impact of this reactor network

on MWD. From the numerical results below, the process

superstructure shows its potential capability and flexibility.
We consider the polymerization process superstructure of two

CSTRs with one splitter as a special scenario, as shown in Fig-

ure 4. Through Splitter 2, fraction F2;1 of the polymer stream

leaving CSTR 2 is fed back into CSTR 1 while the remaining
one flows into downstream process units. The split fraction

F2;1 can vary in the range [0, 1). Based on this flowsheet con-

figuration, the simulation results of MWDs under different val-

ues of F2;1 are illustrated in Figure 5. If F2;1 is set to 0.0, we

get a unimodal MWD with a serial configuration. When F2;1 is
0.3, the distribution is trimodal, where three visible molecular

weight peaks appear on the MWD curve. If F2;1 is 0.5 or 0.7,

the MWD becomes bimodal. When F2;1 increases to 0.9, a typ-

ical unimodal MWD with a long tail is obtained. Hence, we

can see that without major changes in the reactor network
structure, different shapes of MWD can be obtained, thus lead-

ing to the improvement of the end-use properties and the

development of new polymer grades.

Optimization with bimodal MWD

The bimodal MWD profile of polymers has two distinct
molecular weight peaks. The low molecular weight peak pro-

vides good processability and the high molecular weight peak

gives excellent mechanical strength, which is the advantage of

bimodal polymers over conventional unimodals. In this sce-
nario, we use a bimodal MWD as the target product quality

and apply the two formulations (40) and (41) to solve the MO

problem. This target MWD was generated from a simulation

run with 4 CSTRs in series under a different range of operat-

ing conditions.
Modified Weighted Sum Formulation. We first consider

cases with NLP (40). Here, the problem formulation is simpli-

fied to the following formulation with a uniform tolerance e
and a single weighting factor w. The number of CSTRs in the

superstructure model varies from 1 to 4

min
z

w � e2MC

s:t: GN MWDcalc; zð Þ5 0

zlb � z � zub

jMWDk
calc2MWDk

tarj � e; k51; :::; NP

(44)

Table 2. Average Iterations and CPU Time of IPOPT

(Bimodal MWD)

Cases Formulations
No. of

Iterations
CPU

Time (s)

1 CSTR Modified Weighted Sum 136 8.7
Normalized Global Criterion 170 11.0

2 CSTRs Modified Weighted Sum 98 13.6
Normalized Global Criterion 137 19.9

3 CSTRs Modified Weighted Sum 179 44.5
Normalized Global Criterion 204 49.9

4 CSTRs Modified Weighted Sum 218 103.2
Normalized Global Criterion 168 83.3
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By altering the weighting factor w, different Pareto optimal
solutions can be generated. It is clearly not practical to gener-
ate the entire set of Pareto solutions. The most one can expect
is a representative subset from which a reasonably good, if not

the best, trade-off of objectives can be selected.38 In this sce-
nario, the sequence of ten w’s values were set to 0.01, 0.1,
1, . . ., 10,000,000 as a geometric series. Then, we solved a
series of problems with the ten values of w and obtained a set
of Pareto optimal solution points (e; MC). The average num-

bers of iterations and CPU time IPOPT required for solving
the problems with different numbers of CSTRs are listed in
Table 2. The Pareto curves are formed based on these points,
as shown in Figure 6. The x axis is MWD deviation tolerance

e and y axis is monomer conversion MC. For one CSTR, the
Pareto curve appears as two very stiff line segments. On the
vertical segment, with the decrease of w, e is nearly unchanged
while MC increases to a very high value. On the horizontal
segment, with the decrease of w, MC becomes nearly

unchanged while e increases to a very high value. Naturally,
we choose the turning point (with w51) as our compromise
solution. Similar results occur on the curves for 2, 3, and 4
CSTRs. The numerical results of the compromise solutions are

listed in Table 3. All the values of MC are very close to 1, mean-

ing that high conversion could be achieved. The corresponding

optimized MWDs are illustrated in Figure 7. The solid black

lines represent the target bimodal MWDs and the dotted red

lines are the optimized MWDs. If only one CSTR is utilized,

there is a huge difference between the optimized and target

MWD curves, indicating that we are unable to meet this bimodal

MWD requirement with only one CSTR. When two or more

CSTRs are used, the MWD deviation becomes very small and

acceptable. The same conclusion can be drawn from the values

of e in Table 3. The information on the corresponding optimal

operating conditions for the cases with 1, 2, 3, and 4 CSTRs is

given in Table 4, where T represents temperature, P represents

pressure, V represents liquid volume, and FR represents flow

rate. The information on the corresponding optimal split frac-

tions for the cases with 2, 3, and 4 CSTRs is given in Table 5.

Normalized Global Criterion Formulation. We now

apply the normalized global criterion formulation (41). Con-

sidering that the problem becomes more poorly conditioned

and more difficult to solve as the value of p increases, the

NLP (41) is simplified to the following NLP with p51.

Table 3. Numerical Results of Optimal Solutions (Bimodal MWD)

Cases Solutions MC e U

1 CSTR Utopia 0.999077 0.241617
Modified Weighted Sum (w51) 0.985991 0.241910 76.022
Normalized Global Criterion 0.985991 0.241910 76.022

2 CSTRs Utopia 0.999998 0.027673
Modified Weighted Sum (w50.1) 0.985649 0.027685 69.659

Normalized Global Criterion 0.985648 0.027685 69.654
3 CSTRs Utopia 1.000000 0.027633

Modified Weighted Sum (w510) 0.986549 0.027640 74.331

Normalized Global Criterion 0.986546 0.027640 74.314
4 CSTRs Utopia 1.000000 0.025359

Modified Weighted Sum (w5100) 0.965068 0.025717 26.542
Normalized Global Criterion 0.968211 0.025765 28.095

The bold characters mean that the corresponding values are the final optimal solutions after comparison.

Figure 6. Pareto curves with different no. of CSTRs by modified weighted sum formulation (bimodal MWD).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal January 2016 Vol. 62, No. 1 Published on behalf of the AIChE DOI 10.1002/aic 139

http://wileyonlinelibrary.com


min
z
½ðMC�2MCÞ=MC��1½ðe2e�Þ=e��

s:t: GN MWDcalc; zð Þ5 0

zlb � z � zub

jMWDk
calc2MWDk

tarj � e; k51; :::; NP

(45)

First, we solved NLPs (42) and (43) to obtain the utopian
values (e�; MC�). Then, NLP (45) was solved using these
two utopian values in the objective function. The average
numbers of iterations and CPU time IPOPT required for
solving the problems with different numbers of CSTRs are
listed in Table 2. Although there is not much difference

Table 4. Data of Optimal Operating Conditions by Modified Weighted Sum Formulation (Bimodal MWD)

Subsystems Conditions CSTR1 CSTR2 CSTR3 CSTR4 Lower Bounds Upper Bounds

Catalyst FR (kmol/h) 0. 40 1028 1
Ethylene FR (kmol/h) 79.21 1028 1
Hydrogen FR (kmol/h) 0.31 1028 1
Hexane FR (kmol/h) 0.12 1028 1
Reactor T (K) 358.15* 340.15 358.15

P (kPa) 354.64* 354.64 759.94
V (m3) 34.93 1023 35.00

Catalyst FR (kmol/h) 0.96 1.63 3 1026 1028 1
Ethylene FR (kmol/h) 122.10 76.86 1028 1
Hydrogen FR (kmol/h) 0.80 6.62 3 1028 1028 1
Hexane FR (kmol/h) 29.71 1.45 3 1025 1028 1
Reactor T (K) 355.38 358.15* 340.15 358.15

P (kPa) 368.79 354.64* 354.64 759.94
V (m3) 35.00* 35.00* 1023 35.00

Catalyst FR (kmol/h) 0.88 0.077 0.42 1028 1
Ethylene FR (kmol/h) 97.31 73.90 81.27 1028 1
Hydrogen FR (kmol/h) 2.74 3 1025 0.53 0.50 1028 1
Hexane FR (kmol/h) 11.73 0.0071 0.0064 1028 1
Reactor T (K) 358.15* 343.38 358.15* 340.15 358.15

P (kPa) 354.64* 385.55 354.64* 354.64 759.94
V (m3) 24.95 35.00* 35.00* 1023 35.00

Catalyst FR (kmol/h) 0.28 2.77 3 1027 1.51 3 1027 1.39 3 1027 1028 1
Ethylene FR (kmol/h) 49.16 21.26 10.64 4.16 3 1027 1028 1
Hydrogen FR (kmol/h) 0.32 9.86 3 1025 6.57 3 1024 48.83 1028 1
Hexane FR (kmol/h) 1.51 3 1026 1.52 3 1026 1.53 3 1026 1.66 3 1026 1028 1
Reactor T (K) 358.15* 358.15* 358.15* 351.50 340.15 358.15

P (kPa) 354.64* 354.64* 354.64* 354.64* 354.64 759.94
V (m3) 35.00* 33.41 35.00* 35.00* 1023 35.00

*Represents an active bound.

Figure 7. MWD optimization results with different no. of CSTRs by modified weighted sum formulation (bimodal
MWD).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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between the average numbers of iterations and CPU time of

the two formulations, the normalized global criterion formu-
lation requires solution of only one problem (45) instead of

solving several problems with the modified weighted sum
formulation. The numerical results of the optimal solutions

are listed in Table 3. All the values of MC are very close to

1, meaning that high conversion could be achieved. The cor-

responding optimized MWDs are illustrated in Figure 8. A

similar conclusion, that the MWD deviation becomes

acceptable when two or more CSTRs are used, can be drawn

from Figure 8 and the values of e in Table 3. The informa-

tion on the corresponding optimal operating conditions for

the cases with 1, 2, 3, and 4 CSTRs is given in Table 6. The

information on the corresponding optimal split fractions for

the cases with 2, 3, and 4 CSTRs is given in Table 7. A

threshold, 1028 in our cases, is used to round-off the split

fraction. If it is less than the threshold, we regard it as a

zero.

Comparison of MO formulations

In Table 3, the optimal solutions of the modified weighted
sum formulation and normalized global criterion formulation
are very similar to each other. As the decision maker, we

could specify our further preferences between the results of

the two formulations.37 We compare these results by choos-

ing the following underlying value function, given by

U : R2 ! R

Uðe;MCÞ51= ½ðe2e�Þ=e��21½ðMC�2MCÞ=MC��2

 �1=2

(46)

which is the reciprocal of the Euclidean distance (2-norm dis-

tance) between the utopia point (e�; MC�) and the optimal

solution (e; MC). Our expectation is that the optimal solution

should be as close as possible to the utopia point in geometry.

According to the expression (46), we can rank the optimal sol-

utions with different numbers of CSTRs and select the final

solutions whose values of U are higher. The last column of

Table 3 shows the numerical results of the value function. In

the case of 1 CSTR, the solutions of the two formulations are

equally desirable. In the cases of 2 and 3 CSTRs, the solutions

of the modified weighted sum formulation are chosen. In the

case of 4 CSTRs, we prefer the solution of the normalized
global criterion formulation. After the selection, the final opti-

mal flowsheet configurations of 2, 3, 4 CSTRs are illustrated

in Figures 9, 10 and 11. These optimal structural designs are

easy to achieve in practice.

Optimization with trimodal MWD

Trimodal polyolefins are regarded as the next key advance

in polymer products. In this scenario, we use a trimodal MWD

Figure 8. MWD optimization results with different no. of CSTRs by normalized global criterion formulation (bimodal MWD).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 5. Data of Optimal Split Fractions by Modified Weighted Sum Formulation (Bimodal MWD)

Cases To CSTR 1 To CSTR 2 To CSTR 3 To CSTR 4 Downstream

2 CSTRs From CSTR 1 – 1 (fixed)
From CSTR 2 0.213 – 0.787

3 CSTRs From CSTR 1 – 1 0
From CSTR 2 0.326 – 0.674
From CSTR 3 0 0 – 1

4 CSTRs From CSTR 1 – 0.485 0 0.515
From CSTR 2 0.457 – 0.543 0
From CSTR 3 0 0.052 – 0.948
From CSTR 4 0 0 0 – 1
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as the target product quality and apply the two formulations
(44) and (45) to solve the MO problem. This target MWD was
also generated from a simulation run with 4 CSTRs in series
under a different range of operating conditions. Here, the aim
is to explore the potential capability and flexibility of the pro-
cess superstructure. The main issue is whether the trimodal
polymer could be produced with less than 4 CSTRs. Hence,
the number of CSTRs in the superstructure model varies from

1 to 3. However, according to our numerical results, the

process superstructures (1 and 2 CSTRs) fail to achieve an

acceptable MWD deviation. Thus, the case study below uses

the superstructure of 3 CSTRs only.
We first apply the modified weighted sum formulation (44).

Similarly, a series of problems with the aforementioned ten

values of w are solved and a set of Pareto optimal solution

points (e; MC) are obtained. The Pareto curve is formed based

on these points, as shown in Figure 12. Naturally, we choose

the turning point (with w51000) as our compromise solution.

The average number of iterations is 201 and CPU time is

Table 7. Data of Optimal Split Fractions by Normalized Global Criterion Formulation (Bimodal MWD)

Cases To CSTR 1 To CSTR 2 To CSTR 3 To CSTR 4 Downstream

2 CSTRs From CSTR 1 – 1 (fixed)
From CSTR 2 0.213 – 0.787

3 CSTRs From CSTR 1 – 1 0
From CSTR 2 0.325 – 0.675
From CSTR 3 0 0 – 1

4 CSTRs From CSTR 1 – 1 0 0
From CSTR 2 0.039 – 0.583 0.378
From CSTR 3 0.322 0.016 – 0.662
From CSTR 4 0 0 0 – 1

Figure 9. Optimal flowsheet configuration of polymer-
ization process with 2 CSTRs (bimodal
MWD).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Optimal flowsheet configuration of polymer-
ization process with 3 CSTRs (bimodal MWD).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 6. Data of Optimal Operating Conditions by Normalized Global Criterion Formulation (Bimodal MWD)

Subsystems Conditions CSTR1 CSTR2 CSTR3 CSTR4 Lower Bounds Upper Bounds

Catalyst FR (kmol/h) 0.40 1028 1
Ethylene FR (kmol/h) 79.04 1028 1
Hydrogen FR (kmol/h) 0.31 1028 1
Hexane FR (kmol/h) 3.54 3 1025 1028 1
Reactor T (K) 358.15* 340.15 358.15

P (kPa) 354.64* 354.64 759.94
V (m3) 35.00* 1023 35.00

Catalyst FR (kmol/h) 0.96 2.76 3 1026 1028 1
Ethylene FR (kmol/h) 122.10 76.86 1028 1
Hydrogen FR (kmol/h) 0.80 5.71 3 1028 1028 1
Hexane FR (kmol/h) 29.71 2.98 3 1025 1028 1
Reactor T (K) 355.38 358.15* 340.15 358.15

P (kPa) 368.79 354.64* 354.64 759.94
V (m3) 35.00* 35.00* 1023 35.00

Catalyst FR (kmol/h) 0.88 0.078 0.41 1028 1
Ethylene FR (kmol/h) 97.35 74.20 81.03 1028 1
Hydrogen FR (kmol/h) 2.93 3 1027 0.54 0.50 1028 1
Hexane FR (kmol/h) 11.83 8.19 3 1025 7.71 3 1025 1028 1
Reactor T (K) 358.15* 343.40 358.15* 340.15 358.15

P (kPa) 354.64* 386.15 354.64* 354.64 759.94
V (m3) 24.91 35.00* 35.00* 1023 35.00

Catalyst FR (kmol/h) 1.10 3 1027 9.13 3 1028 0.36 2.19 3 1027 1028 1
Ethylene FR (kmol/h) 20.92 10.82 49.17 1.52 3 1027 1028 1
Hydrogen FR (kmol/h) 2.20 3 1028 3.93 3 1024 0.32 49.14 1028 1
Hexane FR (kmol/h) 6.53 3 1027 6.54 3 1027 6.69 3 1027 7.53 3 1027 1028 1
Reactor T (K) 358.15* 358.15* 358.15* 350.55 340.15 358.15

P (kPa) 355.92 354.64* 354.64* 354.64* 354.64 759.94
V (m3) 35.00* 27.06 35.00* 35.00* 1023 35.00

*Represents an active bound.
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63.3 s. For the normalized global criterion formulation (45),
the average number of iterations is 220 and CPU time is
72.1 s. The numerical results of the optimal solutions by the
two formulations are listed in Table 8. Both the values of MC
are very close to 1, meaning that high conversion could be
achieved. The small values of e indicate that we are able to

meet this trimodal MWD requirement with a 3 CSTR network.
The corresponding optimized MWDs are illustrated in Figure
13. The optimized curves achieve excellent agreement with
the target curves. The information on the corresponding

Figure 13. MWD optimization results with 3 CSTRs by two formulations (trimodal MWD).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 8. Numerical Results of Optimal Solutions (Trimodal MWD)

Case Solutions MC e U

3 CSTRs Utopia 1.000000 0.000126
Modified Weighted Sum (w51000) 0.987159 0.000834 0.177
Normalized Global Criterion 0.973821 0.000828 0.179

Table 9. Data of Optimal Operating Conditions by Two Formulations (Trimodal MWD)

Formulations Subsystems Conditions CSTR1 CSTR2 CSTR3 Lower Bounds Upper Bounds

Modified Weighted
Sum (w51000)

Catalyst FR (kmol/h) 0.14 0.29 0.36 1028 1
Ethylene FR (kmol/h) 74.53 53.58 36.96 1028 1
Hydrogen FR (kmol/h) 0.04 9.10 3 1024 1.07 1028 1
Hexane FR (kmol/h) 1.02 3 1026 1.02 3 1026 1.02 3 1026 1028 1
Reactor T (K) 340.15* 358.15* 358.15* 340.15 358.15

P (kPa) 759.94* 549.32 354.64* 354.64 759.94
V (m3) 27.60 10.89 35.00* 1023 35.00

Normalized
Global Criterion

Catalyst FR (kmol/h) 0.10 0.13 0.09 1028 1
Ethylene FR (kmol/h) 41.32 26.91 13.78 1028 1
Hydrogen FR (kmol/h) 1.10 3 1028 6.26 3 1025 0.61 1028 1
Hexane FR (kmol/h) 1.99 3 1027 1.98 3 1027 1.98 3 1027 1028 1
Reactor T (K) 340.15* 358.15* 358.15* 340.15 358.15

P (kPa) 759.94* 506.90 354.64* 354.64 759.94
V (m3) 17.13 10.56 35.00* 1023 35.00

*Represents an active bound.

Figure 11. Optimal flowsheet configuration of polymer-
ization process with 4 CSTRs (bimodal
MWD).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.] Figure 12. Pareto curve with 3 CSTRs by modified
weighted sum formulation (trimodal MWD).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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optimal operating conditions for the case is given in Table 9.
The information on the corresponding optimal split fractions
for the case is given in Table 10. Using the value function
(46), we choose the solution of the normalized global criterion
formulation as our final optimal solution. The final optimal
flowsheet configuration with 3 CSTRs is illustrated in Figure
14. As seen from the numerical results, it is enough to use 3
CSTRs with splitters to produce the trimodal HDPE product
with the desired MWD and high monomer conversion.

Conclusions

A systematic reactor network synthesis approach is pro-
posed to generate optimal flowsheet configurations of poly-
merization processes. On the basis of an industrial HDPE
slurry process model with embedded MWD calculation, a gen-
eralized polymerization process superstructure of CSTRs is
established through the introduction of splitters. By applying a
variety of MO methods, the two NLP formulations of modified
weighted sum and normalized global criterion are developed
to simultaneously maximize the monomer conversion and to
minimize the deviation between the calculated and target
MWDs. The optimal reactor network structure and operating
policies are obtained by systematically manipulating a set of
continuous decision variables.

The effectiveness and efficiency of the proposed synthesis
approach are illustrated with several case studies that consider
different specifications on MWD, including a bimodal profile
and a trimodal profile. A simulation case study is first pre-
sented to reflect the impact of this reactor network superstruc-
ture on the development of different MWDs. Then, after
solving two types of MO problems, the numerical solutions
are compared and the final decisions are made based on an
underlying value function. Numerical results show that the
optimal flowsheet configurations overcome the limitations of
conventional reactor network structures and help to increase
reactor productivity at the desired product quality in polymer-
ization processes. We believe that this approach can be gener-
alized to other chemical systems where the reactor network

structure can be exploited by introducing additional process

units and their potential interconnections. Thus, more general

superstructure models could be established and applied to

enhance the performance of reactor networks.
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